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1. 關於 PF 性質研究方面的工作。設 )()(
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1+≤≤ nmn ， ...2211 ≥≥≥≥ srsr 。我們證明瞭如果 bcad ≥ ，則多項式 )()()()( xgcdxxfabx +++ 的零

點均為實數。作為㆒個推論，設非負實數㆔角{ } nkkna ≤≤0),( 滿足遞迴關係 

),1()'''()1,1()(),( knacksnrknatskrnkna −+++−−++= ， 

其㆗ 0),( =kna 除非 nk ≤≤0 。如果 '' srrs ≥ 且 strstsr )''(')( +≥++ ，則 ),(),...,1,(),0,( nnanana 均為

PF 數列。許多著名組合數列的 PF 性質可由此㆒併得到。例如，熟知㆓項式係數 ),( knb 、第㆒類（無符號）Stirling

數 ),( knc 、第㆓類 Stirling 數 ),( knS 、古典 Eulerian 數 ),( knA 分別滿足遞迴關係  
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PF [WYjcta05] J. Combin. Theory Ser. A

(The result in this paper is a solid contribution to this area. It unifies a good 

number of previously known results. …This is not only result of this form, but certainly the main result in the last ten year 

or so. … It is remarkable that the final result is so simple and clean. This is also a nice feature: it is extremely easy to 

apply.)  

2. 關於對數凹性研究方面的工作。給定非負實數㆔角{ } nkkna ≤≤0),( ，令 ∑ =
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對每個正整數 r， ),1();1();(2 qnAqnAqnA rrr +−− 作為q的多項式有非負的係數，那麼就說{ } nkkna ≤≤0),( 是

LC-positivity 。如果{ } nkkna ≤≤0),( 和{ } nkknna ≤≤− 0),( 均為 LC-positivity， 那麼就說{ } nkkna ≤≤0),( 是 double 

LC-positivity。組合學㆗最基本的常數㆔角 (即 1),( ≡kna )和 Pascal ㆔角(即 ),(),( knbkna = 為㆓項式係數)均是

double LC-positivity。我們證明瞭如果{ } nkkna ≤≤0),( 是 LC-positivity 並且 ∑ =
= n

k kn xknaz
0

),( ，那麼序列{ }kx 的

對數凹性蘊涵序列{ }nz 的對數凹性；如果{ } nkkna ≤≤0),( 是 double LC-positivity 並且 kn
n

k kn yxknaz −=∑= 0
),( ，

那麼序列{ }kx 和{ }ky 的對數凹性蘊涵序列{ }nz 的對數凹性。這個結果能有效判斷保持對數凹性質不變的線性和

雙線性變換，是 Brenti 的方法和以往的方法難於做到或做不到的；它也能對著名概率論專家 Liggett 關於 Pemantle

猜想的困難證明給出實質性的解釋和推廣，相關論文[WYjcta07]被《J. Combin. Theory Ser. A》審稿㆟認為是該領

域最激動㆟心的成果之㆒ (This is an exciting paper. … The contribution in this paper definitely ranks as one of the most 

exciting that I have seen since the origins of this subject. … These are reasonably ingenious and innovative.)。 
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General methods for proving unimodality are especially rare and valuable, and results 

about the mode of unimodal polynomials are usually harder and even rarer.… The proof is simple, elegant, not difficult, 

but original. In fact, the idea of the proof could very well be used in other similar situations. The proof of the mode result 

is considerably more complicated and technical, and the result is surprisingly precise. European J. Combin.
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